Fractional Quantum Hall Effect With No Chiral Edge Fermions 

Gabriel Di Lemos Santiago LimsQ and Sebastiao Alves DiaJ3 
Centro Brasileiro de Pesquisas Fisicas, Rua Dr. Xavier Sigaud, 
150, 22290-180, Rio de Janeiro, RJ, Brazil 

Abstract 

We show that the bounded Chern-Simons-Landau-Ginsburg theory that describes the quantum 
Hall effect is anomaly free and thus does not require the addition of chiral fermions on the boundary 
to restore local gauge invariance. 
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I. INTRODUCTION 



The fractional quantum Hall effect (FQHE) is well understood since 1989, when Zhang, 
Hansson and Kivelson showed that it could be described by a Chern-Simons-Landau- 
Ginsburg (CSLG) effective theory [lj]. Two years later, Wen Q discussed the FQHE on 
a bounded surface. In his paper, it is claimed that gauge invariance is lost by the bounded 
Chern-Simons (CS) action. Noticing the fact that the microscopic theory is gauge invariant, 
Wen concludes that there is an anomaly that must be cancelled in order to recover gauge 
invariance. This is done by the addition of chiral fermions circulating at the edge, whose 
anomaly restores gauge invariance of the complete theory. 

We review the steps conducting to the theory with boundary and show that the result is 
gauge invariant. This difference is due to a small (but decisive) mistake in Wen's starting 
action. We show that, by carefully considering the issues related to the boundary in the 
definition of the statistical Chern-Simons field, a gauge invariant theory emerges. Thus, 
there is no need to introduce chiral edge fermions. 

The absence of the anomaly may force revision of many arguments that appear in recent 
literature. We can quote a sample of recent papers dealing with various subjects such as 
edge states in graphene [3|, |4j, descriptions of chiral Luttinger liquids and relations 

between edge electrons and Berry's phase [jj]. In fact, a recent work of Goldman et al. js] 
on anomalous quantum Hall effect on optical lattices found a Laughlin wave function which 
depends on both z and z coordinates, what means that the underlying theory is not chiral. 

We organize our analysis as follows: in section II, we review the approach of Zhang et al, 
modifying it in order to deal with a bounded space. In section III we compare our action 
with Wen's, testing their consistency both at classical and quantum level. Then, we present 
our conclusions at section IV. 



II. THE FQHE ON A BOUNDED SURFACE 

We briefly review the derivation of the CSLG model for the FQHE [lj], modifying the 
procedure when necessary to take into account the fineteness of the surface. We start from 
the microscopic Hamiltonian of a two-dimensional system of polarized electrons interacting 
with an external electromagnetic field 



2 



r r r<s 

As the electrons are polarized, the wave function is completely antisymmetric. It is possible 
to map this fermionic problem into a bosonic one. This can be done by means of an unitary 
transformation 



U = exp | -i ^2 ~ a rs j , 

V r<s / 



(2) 



were a rs is the angle between x r — x s with an arbitrary direction that may be chosen as 
the a>axis and 9 = (2k + 1)tt with k being an integer. Under this choice, one can easily 
verify that an antisymmetric wave function ip is mapped into a symmetric (bosonic) one 
= U^ip. It is easy to check that 

U' 1 (p r - -A(x r ) N ) U = p r - -A(x r ) - h- Va rs . (3) 
The gradient of the angle between the vector x r — x s and the x-axis is given by 

dia rs = 9i«(x r -x s ) = -£ij Xr _ Xs (4) 

|X r X s | 

Now, a statistical field is defined 

where O — hc/e is the quantum of flux. The bosonized Hamiltonian is H B = U~ l H-pU or 
Hb = (pr-^[A(x r ) + a(x r )]) 2 + ^eA (x r ) + ^\/(x r -x s ). (6) 



r<s 



At this point, we have a trully local gauge invariant model and nothing had to be said 
about the boundedness of the surface. The difference arises when we aim to describe the 
situation above with a second quantized theory. In a situation of unbounded surface, the 
second quantized Hamiltonian is obtained through the introduction of a bosonic field <p (x) 
(x denotes (xi,^)) satisfying 

[0(x),0t (y) ] =5 m ( X _y) 
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and generalizing to the matter action 



M- 



1 £x<fi (x) < 


f 1 






2m 


z c 
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+ eA (x)U(x) (7) 



+ 



^ 1 d 2 xd 2 y6p(x)V(x-y)5p(y). 



where p (x) = 0t(x)0(x) and <5p (x) = p (x) — p with p being the average density, included 

n 

here to avoid problems in the case of a long range potential [lj. Let us review the circum- 
stances under which we can say that Hm is hermitian. Defining the covariant derivative 

D k = d k + j- (A k (x) + a fc (x)) . (8) 

(with d k being — (V) fc and the spatial raising and lowering of indices being done with a 
minus sign) noticing that —iKD is hermitian, we see that 

{0t ( X ) [(—iKD) 2 (x)] Y = [(—iKD) 2 (x)] 1 (x) (9) 

= t (x) (-^D) 2 0W 

- iKV ■ ((-iKD(j) (x)) f (x) - f (x) (-iKD) (x)) . 

Under appropriated conditions on at infinity the integral of the second term can be taken 
as zero, and Hu is hermitian. For a bounded surface, however, this term does not vanish 
and the Hamiltonian is not hermitian. The appropriated Hamiltonian is 

H M = Jj 2 x^ (D0 (x)) f • D0 (x) + eA (x) (x) (x) j (10) 

+ ±J d 2 xd 2 ySp (x) V(x - y)5p (y)). 

Notice the restriction of the space integral to a finite area A. Taking all operators in 
the Heisenberg picture, they become functions of time. The action below generates the 
Heisenberg equations 

S M = J d 3 x | ^ (> (x, t) A)0(x, t) - (A)0 (x, t)) f 0(x, t)) - |- ( D (x, t)) f ■ D0(x, t) 



^ jf rf 3 xrfVp (x, t) V(x - y)5p (y, t)), 



(11) 



with 



I 7 p 

D = -dt + ~A (x) (12) 

c 

= d + —A (x) , 
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d 3 xd 3 ye (x) 6 (y) 6p (x) V(x - y)6p (y)). 



where we defined x° = ct. We can extend the integration over the whole two-dimensional 
space if we use a step function 9 defined as 

, s [ 1, if xG A 

8x=< , (13) 

[ 0, if x £ A 

which gives (we use the usual notation x — > x^ = (x°, x)) 

S M = J rf 3 x|^6(x) (0t (x)D 0( l>(x)-(D 4>(x)) j! 4>(x))-^ i e^) (D0 (x)) f • D0(x) | 

(14) 

1 

~ 2 

Global phase invariance of the action (ITT]) under the transformations 0' (x) = e ia <j) (x) implies 
the continuity equation 

« = doJ° M + difu (*) = 0, (15) 
where the components of the matter current are given by 

f M = 9 (x) ep (x) , (16) 
j M (x) = 9(x)^ {0t (a; ) D (x) - (D0 (x)) t (x) } . 

The field a(x) is completely determined in terms of the density operator p (x), which is 
the second quantized version of equation fl5]), 

a^) = -t^-s lJ [ dS^% P {y) (17) 



27T7T J A |x-y| 

0o 9 f 2 Xj-yj 

/ cfy^ ^6 y p (y . 

2ti ii J |x — yp 



In the second quantized version of the theory the field a (x) is taken as an auxiliary field. It 
can be viewed as the solution of the following pair of equations 

Q 

Eijdid^x) = 0o-0 (x) p(x), (18) 

7T 

di<ii = 0. 

Using the continuity equation (ITS"]) we can derive a third equation for the field a« (x) involving 
a time derivative 

e ij d a j (x) = -<l>o-e(x)j i . (19) 

7T 



Equations (I18p and (IT^|) may be viewed as the equations of motion of a new dynamical field 
(a Chern-Simons field), if we make the substitution 

%e %e 
D = d + —A (x) -> d + — {A (x) + a (x)) 

sc he 

(which means that now Syi = Sm ( a o)) ; an d replace Sm by the action 

S = Sm («o) + Scs, 

with 

S CS = ^J d 3 xe^a,d u a p , (20) 
where Scs is known as the Chern-Simons action and we defined the Hall conductivity 

^ = ? V (21) 

The additional field a (x) introduced in (120]) and in S*m can be eliminated by requiring the 
condition clq (x) = 0, that is legitimate in the context of a gauge field theory. Thus, gauge 
invariance is crucial for the correct introduction of the statistical Chern-Simons field a M (x). 
Without it, the equations of motion obeyed by the field are not enough to eliminate this extra 
component and the identification of the dynamics of a M (x) with that of a Chern-Simons field 
cannot be made. 

One should notice that if one substitutes the action (1201 by 

S b cs = ^ / d'xe^a^ap (22) 

Z J A 



the resulting equations of motion for the Chern-Simons field do not have [T7\ l as solution. 
This results in a second quantized action which is not equivalent to the original problem. 
Therefore the Chern-Simons action must be unbounded so as to provide the correct definition 
of the statistical field. 

The action S is gauge invariant, because the Chern-Simons part is not being integrated 
over a finite surface. This is to be contrasted with the usual approach where this 

integration is restricted even for the Chern-Simons field. We describe this in detail in the 
next section. 
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III. BREAKDOWN OF CHERN-SIMONS LOCAL GAUGE INVARIANCE AND 
CONSERVED CURRENTS 



It is well known that the Chern-Simons action is gauge invariant up to a total divergence. 
Nevertheless, this invariance breaks down when we have a finite system with boundary. 
Consider, for instance, the bounded action 

Scs M = ^ J d 3 xe^>a^a p (23) 
= ?2L J d 3 xQ(x)e^a p d u a p . 
If we perform a gauge transformation, we get 



ScsK + 9M = S^] - J d 3 x (^0(x)) e^d v a p a (24) 
= 5gs[o M ] + A5gs[a Ml a]. 

The derivatives of give a delta function with support on the boundary of the surface (see 
an specific example in ref. jo|). 

Let us investigate what it means. If we calculate the CS equations of motion from the 
action 

S' = S M + Scs; (25) 

we find 

The matter current comes from the part of the action that is gauge invariant, and it 
is exactly the current prevously obtained from global invariance, so we may be sure that 
&i*3m = 0- This does not happen to the functional derivative of S^ s . Indeed, 

= ef cs = -a xy Q(x)e^d v a p (x) - °-f (^6(x)) e^a p (x) . (27) 

Therefore 



d, (ef cs ) = (0,0 (x)) e^d p a p (x) . (28) 
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In the bulk of the surface (x ^ dA) the above current is conserved because of d u Q (x) = 0. 
However, for x e dA, the equality with zero has to be imposed as a subsidiary condition 

e^a p (x,t)| xe9A = 0, (29) 

in order to be consistent with (|2T)|) . This condition is necessary because d u Q (x) has its 
support precisely at the boundary of the surface. This classical argument is easily generalized 
to the quantum level by the use of the Dyson-Schwinger equations. 

The above situation happens because the theory is not gauge invariant. If this were the 
case, S' [a M + d^5a] = S' [a M ] , for 5a infinitesimal and so 

d 3 x5a (ar) 0„ ( ^f) = (30) 

> 9 tdcs = °> 



without the need of any subsidiary condition. 

Equation (1281) is usually considered in the literature as indicating the presence of an 
anomaly 0, [^However, we see in equation (( I29p that the so called anomaly has to vanish 
in order that the theory is consistent. It is something analogous to what happens in a Proca 
field theory. There one finds the equations of motion 

= m 2 A u . (31) 

Taking an extra derivative on both sides one finds 

m 2 d v A" = d v d^ u = (32) 

Then one takes the condition d^A^ = as a subsidiary condition. No one says that there is 
an anomaly which manifests itself in the fact that d^A^ has to be different from zero. 

In fact, the breakdown of gauge invariance comes already at the classical level, coming 
from a non-invariant action. An anomaly is the quantum breaking of a classical symmetry 
and so we see that equation ( 1251) does not qualify itself as such. 

There are other consequences of the lack of gauge invariance. Noticing that 

Ju = -ej£ s = cr xy Q{*)e^d v a p (x) + °-f (9„6(x)) e^a p (x) . (33) 
we notice the appearance of a bulk current 



S 



&xy£ ,M ' P dvQ' P \buSk — JMlbulk (34) 

and of an one-dimensional effective boundary current 

(^e(x)) E^ 1 ^Qjp | boundary jy[ (boundary ■ 

(35) 

This boundary current may be interpreted into the classical picture of the cyclotron move- 



ment next to the boundary lOL 111]. 

In references [2|, |9] the authors use the action Sq S defined above and argue that, as the 
original microscopic theory is gauge invariant, the breakdown of gauge invariance suggests 
that this is not the complete action for the FQHE on a bounded surface. Then, since the 
change in the action under a gauge transformation is just a boundary term, the missing part 

should consist on fields living also in the boundary, chosen in such a way as to restore gauge 

I I 

invariance. Inspired by Witten and others [l2|] , they propose that the boundary fields could 
be (l+l)-dimensional chiral fermions interacting with the gauge fields (defining a chiral 
U(l) Kac- Moody algebra). Chiral fermions are, indeed, anomalous. Their classical action is 
gauge invariant, but this invariance breaks down after second quantization. It means that 
the effective action obtained after integrating out the chiral fermions is not gauge invariant. 
The sum S'[(f>, <f>*, a, A] + W e g[a\, where Weff[a] is the effective action obtained from the 
chiral fields, can then be made gauge invariant by a suitable choice of some coefficients on 
the original chiral action. 

By adding chiral fermions on the boundary to restore gauge invariance, one uses a real 
anomaly, which is the breakdown of the symmetry at the quantum level, to cancel a pseudo- 
anomaly, that is, to make invariant an action which does not have local gauge symmetry 
since the beginning. One starts with an action with no classical gauge invariance, 

S" = S M [(p, (p*, a, A] + Sq S [a] + [tp, a] , (36) 

and, after functionally integrating over the chiral fields, one ends up with a gauge invariant 
one 

S"' = S u [(f>, <P\ a, A] + S h cs [a] + W eS [a}. (37) 
One may ask if, after this procedure, there is a boundary current or not. The author 
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in reference |9| shows that the inclusion of chiral fermions cancels the boundary current, 
turning its net effect irrelevant to the Hall conductance. 



IV. CONCLUSION 

Close inspection on the calculation done in references , |9| shows that one obtains, 
starting from S (defined in section II and gauge invariant), the same value for the Hall 
conductance that is obtained starting from S" (defined in f l36j) and not classically gauge 
invariant). So, there is no reason for the artificial introduction of one- dimensional chiral 
'ermions circulating on the boundary. There is a subtle, but simple, mistake in references 



9| that propagated along the literature [13j. Besides, in reference 



9fl, the author shows 



that the chiral edge current is irrelevant to the Hall current. Our work shows clearly that 
the chiral fermions should not be there, from the very beginning. 
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